Feedrate reduction on path transitions with different tangents can be avoided by fitting blending curves. In this paper, a concept for applying Cornu spirals as blending curve for linear path transition is introduced. As opposed to interpolation methods in current CNC systems, the curvature profile of Cornu spiral is linear. In machining context, this can ensure a jerk limited machining while maintaining high feedrate. In an experimental setting, Cornu spiral is compared with polynomial spline to outline the benefit of applying Cornu spiral as blending curve.
Introduction
Bézier curve, polynomial, B-spline and NURBS are the de facto standard interpolation methods used in CNC systems for fitting blending curves. By definition, blending, also known as continuous mode [1] , is a method for smoothing the path and feedrate profile on sharp path transitions with different tangent vectors. By fitting a blending curve, the feedrate of the current NC block can be maintained for the successive block at the expense of machining accuracy (Fig. 1) . The aforementioned interpolation methods can ensure the smoothness of the path, i.e. tangent and curvature continuity. In context of machining task, this results in a smooth velocity profile and a centripetal jerk-free motion. An additional requirement for the blending process is to maintain a constant material removal rate (MRR) to ensure the surface quality. Mathematically, MRR is described as a function of the feedrate , depth of cut , curvature , and tool radius , [3] . A constant MRR is commonly achieved by varying the feedrate depending on the current curvature value [3] . The curvature profile of the aforementioned interpolation methods is, however, not controllable or, in other words, not linear over the arc length, so that constant MRR is difficult to maintain. In this paper, the possibility of applying Cornu spiral as blending curves between linear segments is examined.
Cornu spiral
Cornu spiral, also known as Clothoid or Euler spiral, is a planar curve defined in parameter form. Particular properties of Cornu spirals are the linear increase of the curvature over the arc length and the exact arc length parametrization. Cornu spiral can be parametrized differently, either by its tangent , curvature , arc length , or the so called Cornu parameter . For blending curves with tangent and curvature continuity requirement, the ideal parametrization of the Cornu spiral is by its tangent (1).
The tangent is a function of the Cornu parameter ,
. The term and are the Fresnel integrals and is the scaling factor. The arc length of the Cornu spiral at the tangent value is defined as and the curvature . Fig. 2 shows a unit
Cornu spiral with , interpolated from .
Solving Fresnel integrals under real-time constraint
Computing Fresnel integrals requires the use of numerical methods. One possible solution is to use Taylor expansions to approximate the sine and cosine function.
In [4] , the modification of the Taylor expansions which eliminates the factorial to accelerate the computation time is described. To determine the suitability of the Taylor expansion, a test under a hard real-time operating system INtime tenAsys is conducted.
As can be taken from Table 1 , Taylor expansions are suitable for a small interpolation range , in which case only a small number of Taylor terms, , is required to obtain an error less than . Since blending tasks commonly only require a small interpolation range , Taylor expansions are suitable to solve the Fresnel integrals.
For higher interpolation ranges, either the integrals cannot be solved in real-time due to a high number of required Taylor terms, or the solution does not converge. An alternative approach based on rational approximation has therefore been developed for higher interpolation ranges [4] . Using the algorithm described in [4] , the computation of Fresnel integrals for interpolation range converges after ~120µs. 
Algorithm for linear blending
For curved segments with inconstant curvature, the feedrate has to be computed depending on the curvature in order to maintain a constant MRR. The velocity variation, which in the long run may affect the drive motors negatively, can be avoided by inserting an additional arc segment with constant curvature between the Cornu spirals. This strategy is applied so that the blending curve is composed of Cornu spiral-arc-Cornu spiral. For the development of the algorithm, two types of blending are considered, symmetrical and asymmetrical corner-based blending, as well as intermediate point based blending (Fig. 3) .
In case of corner-based blending an entry and exit point for the blending curve are given. Depending on the given points, this results in a symmetric or asymmetric segmentation. For the symmetric case, only one blending curve is computed and the second curve is obtained by reflection. For the asymmetric case, the Cornu spirals need to be computed separately. In case of intermediate point blending, an intermediate point is given and required to lie on the bisector so that by symmetry only one blending curve is required to be computed.
Corner-based blending (symmetric)
In this case, the entry and exit point for the blending curves, as well as the angle made by the lines are given (Fig. 4) . Additionally, one property of the arc needs to be defined for increasing the degree of freedom. In [2] , the radius of the arc is given and the tangent angle θ is numerically solved. In our approach, the tangent angle θ is given, in order to solve the radius analytically for minimizing computing time. Analogous to [2] , the radius can be obtained by defining the equation of the circle center , which due to symmetry lies at the bisector. Since and , can be obtained by dividing the equation (2) by (3), which, after simple rearrangements, yields the equation (4). (4) After is determined, can be computed. Regarding the choice of the tangent angle, the following principle applies: The smaller the tangent angle is, the smaller is and the bigger is the arc portion for the blending curve.
Corner based blending (asymmetric)
The algorithm used in this case is based on [2] . Given are the length and , whereas applies (Fig. 5) . As opposed to the symmetric case, the Cornu pairs need to be computed separately. The Cornu pairs share the same radius at the connecting points and and have the same center for its corresponding osculating circle, so that where and .
(5)
Since , and , equation
(5) and (6) can be each rearranged to (7) ( 8) can be eliminated by dividing the equation (7) by (8), which obtains (9) Since is a monotone increasing function [2] , can be obtained by applying a root-finding numerical method. After obtaining , and subsequently can be computed by modifying the equation (7). The arc center can be computed by applying the equation (5) or (6).
Intermediate point based blending
In this type of blending, the intermediate point is given and the angle between the linear segments is in the range of (Fig. 6 ). The arc intersects the Cornu spirals at point and with an unknown tangent angle and radius . The angle between the bisector and the x axis is . Due to point continuity, the equations at the intersection point are, where .
Dividing equation (10) by (11) yields a function which is a monotonically increasing function. There exists a unique that gives . After is obtained, and subsequently can be computed. For the case where , additional linear segments, that extend the original linear contour, need to be fitted so that the blending curves consist of line-Cornu spiral-arc pairs.
Experimental results
To quantify the advantage of Cornu spiral for blending tasks, an experiment comparing Cornu spiral with polynomial spline is conducted on a HSC Exeron 600. Since at the present time the algorithm presented in this paper has not yet been integrated in a CNC system, the Cornu spiral is approximated by B-spline. The experiment is based on an offline implementation of the algorithm in Matlab, which requires the desired workpiece contour as an input. The algorithm generates waypoints with ca. 60% Cornu portion and 40% arc, where one control point per 0.15-0.3 mm arc length is used. For the experiment, a planar contour representing a pocket machining is defined, where the curvature of the circular segment is increased after each revolution (Fig. 7) . The waypoints are then each interpolated with B-spline and polynomial spline.
The result of the experiment concerning feedrate and jerk is depicted in Fig. 8 . The approximation of the Cornu spiral with B-spline ensures a jerk limited machining, which amounts to ca. 91.8 m/s 3 in the first cycle and 316.9 m/s 3 in the last cycle. As a result, the feedrate can be maintained constant during the blending process -note that the MRR algorithm is not implemented in the CNC system, the ideal feedrate is therefore the one where the programmed feedrate can be achieved and constant. On the other hand, the polynomial based blending induced a higher jerk, ca. 112.4 m/s 3 in the first cycle and ca. 530.2 m/s 3 in the last cycle. It is assumed that the curvature profile generated by the polynomial spline is fairly high. As a result, the feedrate is reduced to avoid machine shock (Fig. 8) .
Summary
Compared to current blending algorithms based on polynomial, B-spline etc., Cornu spiral show s advantage s in terms of linear curvature and exact arc length parametrization. In this paper, an algorithmic concept applying Cornu spiral as blending curves for linear segments is introduced. The algorithm uses additional arc segment for the blending curves to maintain constant curvature. The experimental results revealed that the approximated Cornu spiral induces a lower jerk compared to polynomial blending curve. For future research, an algorithm for linear-circular and circular-circular as well as the integration of the algorithm in a CNC system needs to be developed.
